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 Abstract: In this paper, an SIR model (Susceptible – Infected – Recovered) for 

Conjunctivitis is proposed and analyzed. In the present investigation of the dynamical 
transmission of Conjunctivitis the effect of rainfall is taken into account. The standard 

method was applied to analyze the behaviors of the model. Analytic results showed that 

there were two equilibrium points; disease free equilibrium and endemic equilibrium 
point. The qualitative results are depended on a basic reproductive number . We 

obtained the basic reproductive number by using the next generation method and 

finding the spectral radius. Stabilities of the model are determined by using Routh-
Hurwitz criteria. If , then the disease free equilibrium point is local asymptotically 

stable: that is the disease will died out from the community, but if , then the endemic 

equilibrium is local asymptotically stable: that is the disease will occur in the 
community. The numerical results are shown for supporting the analytic results. We 

concluded that the rainfall is effected on the spread of this disease, to bring the 

epidemic under control more quickly, it is most important to educate the people in the 
community on the correct prevention method. 
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INTRODUCTION 

 

 Conjunctivitis is sometime called red eye or pink eye. It is an infection of the surface of the eyeball and of 

the inside of the eyelid. Usually, it is an infection from a virus or bacteria, but it can also be caused by an 

allergy, by air pollution, or by rubbing the eye too much. In this study, we are interested in Conjunctivitis caused 

by virus known as Hemorrhagic Conjunctivitis (HC). It is highly communicable disease typical of tropical, 

coastal cities. The onset of HC is sudden and the condition develops rapidly. They occur 12 to 48 hours after an 

individual has been infected. Symptoms of the viral infection are: Itching and redness of the eye(s); this may 

begin in one eye and slowly progress to the other. The conjunctiva is profusely covered with discharge from the 

blood vessels (called hemorrhaging). Formation of crusts (usually seen in the morning, on waking-up); sticky 

eyelids, which are difficult to keep open. Severe eye pain with eyelid inflammation occurs; with gritty feeling of 

sand-like particles inside the eye. This is accompanied by continuous discharge of watery mucus from the eyes. 

Blurred vision, light sensitivity also occurs. Mild fever develop in infants. Generally the signs and symptoms 

start to improve in 5 to 7 days. The condition usually resolves completely in 2 weeks.  

 HC is caused by two main viruses: Enterovirus 70 and Coxsackievirus A24. The disorder is extremely 

contagious and the infectious phase may last for 5-7 days, until the eye returns to normal color. The virus is 

transmitted through direct contact with items used by the infected individual; by touch (hand-to-eye route), use 

of shared spaces (like swimming pools), and through respiratory or nasal droplets. The virus can be transmitted 

through the fecal-oral route; entering the human body through the mouth and nose. This mainly happens in 

geographical locations with poor sanitary conditions, ill-maintained public restrooms. Deficient hygiene 

conditions, crowded urban spaces, and a lack of quality healthcare, are factors that enhance the rapid spread of 

HC. 

 Mathematical models have become an important tool for understanding the spread and control of disease. 

Chowell et al (2003) proposed the simple model of Acute Hemorrhagic Conjuntivitis (AHC) that includes 

susceptible, exposed, infectious, reported, and recovered classes. The model considers the impact of under- 

reporting and behavior changes on the transmission rate and is applied to an outbreak of AHC in Mexico. They 

estimated that a primary infectious case generates approximately 3 secondary cases. Sangsawang et al [5] 
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proposed and analyzed the SLIR model (susceptible, latent, infectious and recovered) of AHC. It found that 

there are two equilibrium points; disease free equilibrium and endemic equilibrium point. The basic 

reproductive number was obtained and qualitative behavior of the model was demonstrated. Aubry et al [2] 

studied a Coxsakievirus A 24 hemorrhagic conjunctivitis in Marseille, France, in a traveller returning from the 

Comoros Islands. This case allowed for the identification of the cause of an ongoing outbreak of hemorrhagic 

conjunctivitis in India Ocean Islands, illustrating that returning travellers may serve as sentinels for infectious 

disease outbreak in tropical areas where the laboratory facilities are limited. During October 2010, Egypt 

reported an outbreak of AHC consisting of 1831 cases being reported from governorates. The purpose of this 

study was to identify and characterize the causative agent associated with this outbreak. This study suggests that 

Coxsackievirus A24 variant was the cause of the AHC outbreak reported in Egypt.  

 In Thailand, HC can be found all year around. It is especially prevalent in the rainy season because the 

rainfall will lead to wetness of all items which can then be contaminated by the virus. Also in rainy season, the 

massive flooding in many rural areas leads to the children swimming in contaminated water. In urban areas 

people make sure that swimming pools are clean and chlorinate before swimming. From the data of HC cases in 

Thailand from 2002 to 2011, there were sporadic outbreak [4]. Usually however, the disease is found around 

August (Atchaneeyasakul and Wiwannitikit, 2014). In this study, we look at the effect of rainfall on the 

dynamics of the disease.  

 

Model formulation: 

 In our model, we assumed that the human population is constant denoted by N.  The human population is 

divided into three compartments; the susceptible human (S) , the infected human (I) and the recovered human 

(R) as shown in Fig. 1.  

 

 
 

Fig. 1: Flow chart of the dynamical transmission of Conjunctivitis. 

 

 We define,  

 S(t) is the number of susceptible human at time t  

 I(t) is the number of infected human at time t  

 R(t) is the number of recovered human at time t . 

 The transmission model will be a system of ordinary differential equations given by.  

 

dS
N g(T) SI S                

dt

dI
g(T) SI ( )I              

dt

dR
I R               

dt

    

    

  

    (1) & (2) & (3) 

 

 With the condition S I R N    .    (4) 

 

 Where   is the birth rate of human populations, 

   is the transmission rate of Conjunctivitis from person to person, 

   is the natural death rate of human populations, 

   is the recovery rate of human populations, 
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 g(T) is a measure of the rain fall on the particular day, 

 N is the total number of human populations. 

 The total size of human populations is assumed to be constant. Thus, the rate of change of all the human 

com-partment equals to zero. From this, we find that the birth rate and the death rate of human populations must 

be equal, that is   . 

  

Analysis of the model: 

Equilibrium Points: 

 The equilibrium points are obtained by setting the right hand side of equation (1) (3) to zero. Doing this, we 

obtained two equilibrium points defined by; 

 

3.1 Disease Free Equilibrium Point
0(E ) :  

 In the absence of the disease in the community, that is I=0 , we obtained S N,R 0  , and so 

   0 0E S,I,R =E N,0,0 . 

3.2 Endemic Equilibrium Point 1(E ) : 

 In case the disease is presented in the community, I 0 , we obtained,  

 
*

* * * *

1 1 *

πN γI
E S ,I ,R =E ,I ,

g(T)βI +μ μ

 
 
 

 , where * N
I +

( ) g(T)

 


   
. 

 

Basic Reproductive Number
0(R ) : 

 We obtained a basic reproductive number by using the next generation method [6] Rewriting the equations 

(1) (3)  in matrix form  

dX
F(X) V(X)

dt
                  (5) 

 where F(X)  is the non-negative matrix of new infection terms and V(X) is the non - singular matrix of 

remaining transfer terms.  

 Letting  

S 0 N g(T) SI S

X I ,F(X) g(T) SI ,V(X) ( )I

R 0 I R

        
     

     
     
           

.        (6)

   

and letting  

i 0

i

F (E )
F

X

 
  

 
 and 

i 0

i

V (E )
V

X

 
  

 
             (7) 

 

  for all i, j 1,2,3 , be the Jacobian matrix of F(X) and V(X)  at 
0E . The basic reproductive number

0(R )  

is the number of secondary case generate by a primary infectious case [6] or basic reproductive number is a 

measure of the power of an infectious disease to spread in a susceptible population. It can be evaluated through 

the formula 

 

 1ρ FV .                 (8) 

 

 where 1FV  is called the next generation matrix and  1ρ FV  is the sprectral radius ( largest eigenvalue) of 

1FV .  

 For our model, the Jacobian matrix becomes  

 

0

0 0 0

F(E ) 0 g(T) N 0

0 0 0

 
 

 
 
  

 and 
0

g(T) N 0

V(E ) 0 0

0

  
 

   
 
   

  

 

Hence,  
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1

0

1 g(T) N
0

( )

1
V (E ) 0 0

1
0



 
 

     
 

  
   

 
 

      

 

1

0 0 0

g(T) N
FV 0 0

0 0 0



 
 

 
   
 
 

               (9) 

Thus  

  1

0

g(T) N
FV E 

 
  

 

We get, 0

g(T) N
R




  
.             (10) 

 

Local Asymptotically Stability: 

 The local stability of an equilibrium point is determine from the Jacobian matrix of the system of equations 

(1)-(3) evaluated at each equilibrium point. The Jacobian matrix at 
0E , we get 

 

0

g(T) N 0

J 0 g(T) N 0

0

   
 

    
 
   

.            (11)  

 

 The eigenvalues of the 
0J  are obtained by solving  0det J I 0  . From Eqn. (11), we obtain the 

characteristic equation.  

 

 
g(T) N

( )( ) 0


            
  

.          (12) 

 From the characteristic equation, we see that 
1 20, 0       and 3

g(T) N
     

  
 is negative if 

g(T) N
   

  
 from the Routh - Hurwitz criteria for stability. All eigenvalues are negative meaning that the 

disease free equilibrium is local asymptotically stable.  

 The Jacobian matrix of the systems at the endemic equilibrium 
1E  is 

  

 
* *

* *

1

g(T)βI μ g(T)βS 0

J = g(T)βI g(T)βS γ μ 0

0 γ μ

   
 

  
  

            (13) 

 

 The eigenvalues of the 
1J  are obtained by solving,  1det J I 0  . We obtain the characteristic equation.  

 

  2 a b 0                       (14) 

 

 where 
* *

2 2 * * * *

a 2 g(T) I g(T) S

b g (T) S I ( g(T) I )( g(T) S )

       

          
 

 

 From the characteristic equation , (14) , we get one eigenvalues 1 0     . The other two are the solution 

of the quadratic equation 2 a b 0    . For them to be negative, we need 

1) a 0   

2) b 0  .               (15) 
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 When this happens, the eigenvalues will be negative and will the two conditions of Routh - Hurwizt criteria 

and 
1E  will be local asymptotically stable  

 

Numerical results: 

 The parameters used in the numerical simulation are given in Table 1. 

 

Stability of disease free state:  

 From the values of parameters in Table 1 , we obtained the eigenvalues and basic reproductive number are: 

1 2 30.000046, 0.29, 0.000046      , 
0 0.1212 1    . 

 Since all of eigenvalues are to be negative and the basic reproductive number is to be less than one, the 

 
Table 1: Parameters values used in numerical simulation at disease free state.. 

Parameters Description Value 

  Birth rate of human populations 0.0000456 day-1 

  Transmission rate of virus from person to person 0.004 day-1 

  Recovery rate of human populations 0.33 day-1 

  Death rate of human population 0.0000456 day-1 

g(T)  Measure of the rainfall on hot and cool season  
0.01 

N  Number of human populations 1000 

 

 disease free equilibrium (
0E ) will be local asymptotically stable , as is demonstrated in Fig. 2 

 

   
(a)                                                     (b)                                               (c) 

              

Fig. 2: Time series of (a) Susceptible human (S) ; Infected human (I) ; Recovered human (R) . The values of  

parameters are in the text and 
0

R 1 . We see that the solutions converge to the disease free state  

 0E 1000,0,0  

 

   
(a)                                       (b)                                          (c) 

  

Fig. 3: Time series of (a) Susceptible human (S) ; Infected human (I) ; Recovered human (R) . The values  

of parameters are in the text and 
0

R 1 . We see that the solutions converge to the endemic state 

 1 165 0.12 83E , , 4.86   
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 Stability of endemic state: 

 We change the value of the measure of the rain fall on the rainy season g(T) 0.33  and keep the values of 

the other values of parameters to be those given in Table 1. We obtained the eigenvalues and basic reproductive 

number are : 

1 2 30.000046, 0.000093, 0.000093       , 
0 6.0598  1   .  

 Since all of eigenvalues are to be negative and the basic reproductive number is to be greater than one, the 

endemic equilibrium 
1(E )  will be local asymptotically stable as seen in Fig. 3 

 

Discussion and conclusion: 

 From the model, we have obtained the basic reproductive number through the use of spectral radius of the 

next generation matrix. The basic reproductive number is 0 0R  , where 0

g(T) N
R




  
. The basic 

reproductive number is the threshold condition for investigating the stability of the solutions of model which are 

shown in Fig. 2 and 3. Our simulated results showed that 
0  will increase when the rainfall increase. We found 

that the values of 
0R were 0.1212, 6.0598, 7.877  when g(T) 0.01, 0.33, 0.65 , respectively. It seen that the 

infected human will decrease when the rainfall decreases. Thus, the susceptible human have less change of 

being infected with conjunctivitis when they do not come in contact with contaminated water.  
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